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A FUSS-CATALAN VARIATION OF THE CARACOL FLOW POLYTOPE
MARTHA YIP
Abstract. Recently, a combinatorial interpretation of Baldoni and Vergne’s generalized
Lidskii formula for the volume of a flow polytope was developed by Benedetti et al.. This con-
verts the problem of computing Kostant partition functions into a problem of enumerating a
set of objects called unified diagrams. We devise an enhanced version of this combinatorial
model to compute the volumes of flow polytopes defined on a family of graphs called the k-
caracol graphs, resulting in the first application of the model to non-planar graphs. At k = 1
and k = n − 1, we recover results for the classical caracol graph and the Pitman–Stanley
graph. Furthermore, we introduce the notion of in-degree gravity diagrams for flow poly-
topes, which are equinumerous with (out-degree) gravity diagrams considered by Benedetti
et al.. We show that for the k-caracol flow polytopes, these two kinds of gravity diagrams
satisfy a natural combinatorial correspondence, which raises an intriguing question on the
relationship in the geometry of two related polytopes.
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1. Introduction
In the paper [4], we developed a combinatorial model for computing the volume of flow
polytopes FG(a) which is based on the generalized Lidskii volume formula due to Baldoni
and Vergne [3]. We defined combinatorial objects called unified diagrams, whose enumeration
gives the normalized volume of the flow polytope. We showed that the model can be applied
to compute the volume of the flow polytopes of the Pitman–Stanley graph, the zigzag graph,
and the caracol graph at various net flows, without the need for constant term identities.
In this paper, we show that the combinatorial model can be applied to compute the volume
of the flow polytopes of a family of graphs which we call the k-caracol graphs. Setting k = 1
recovers the results obtained for the caracol graph developed in [4], and setting k = n − 1
recovers some of the results for the Pitman–Stanley polytope [12].
We note that this is the first application of the combinatorial model to non-planar graphs.
Indeed, the motivation for studying the flow polytopes of the k-caracol graphs was borne
from the desire to understand the combinatorics of the flow polytope of the complete graph.
The Chan–Robbins-Yuen polytope CRY(n) [5] can be realized as the flow polytope of the
complete graph Kn+1 with net flow vector a = ε1 − εn+1. A well-known result due to
Zeilberger [13] states that the volume of CRY(n) is the product of the first n − 2 Catalan
numbers. Despite the combinatorial nature of the formula, the proof relies on an application
of the Morris constant term identity, and no combinatorial proof is known.
Other generalizations of the volume of the flow polytope of the complete graph Kn+1 also
involve products of combinatorial quantities. At net flow a = ε1 + ε2 − 2εn+1, Corteel,
Kim, and Me´sza´ros [6] showed that the volume is 2(
n
2)−1 times the product of the first
n − 2 Catalan numbers, while at net flow a =
∑n
i=1 εi − nεn+1, Me´sza´ros, Morales, and
Rhoades [11] showed that the volume is the number of standard Young tableaux of staircase
shape (n− 1, n− 2, . . . , 2, 1, 0) times the product of the first n− 1 Catalan numbers. Both
of these generalizations rely on the Morris constant term identity as well.
Combinatorial objects such as Dyck paths and parking functions appeared naturally in
the study of the Pitman–Stanley polytope, which is affinely equivalent to the flow polytope
of the Pitman–Stanley graph. These objects play a central role in the unified diagrams
for flow polytopes, and we saw in [4] that the volume of the flow polytope of the caracol
graph with net flow a = ε1 − εn+1 is the Catalan number Cat(n − 2), while with net flow
a =
∑n
i=1 εi−nεn+1, the volume is Cat(n−2)·n
n−2, the product of a Catalan number and the
number of parking functions of length n− 1. A main result of this paper is a generalization
of this to the k-caracol family of graphs.
Theorem 3.30. For k ∈ N and n > k,
volF
Car
(k)
n+1
(1, . . . , 1,−n) = Cat(n− k, k(n− k)− 1) · kk(n−k)−2 · nn−k−1,
where Cat(a, b) is a rational Catalan number (see [2]). For the special case when b = ka− 1,
it is a generalized Fuss-Catalan number, and when b = a + 1, it is the classical Catalan
number.
Many of the ideas from [4] are generalized in this present paper, but a refinement of
the original combinatorial model is necessary in order to explain the appearance of the
factor kk(n−k)−2 in Theorem 3.30, which is undetected when k = 1. We therefore introduce
the truncated unified diagrams, whose ‘completions’ are the standardized diagrams. The
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truncated diagrams are enumerated by the k-parking numbers (see the Appendix)
Tk(r, i) = (r + 1)
i−1
((
k(r + 1)
r − i
)
,
which interpolate between the generalized Fuss-Catalan numbers and the number of parking
functions. We give these numbers a combinatorial interpretation involving a vehicle-parking
scenario in Thereom 3.18. The formula in Theorem 3.30 is then obtained by a binomial
transform of these numbers, up to a power of k.
This power of k arises from counting the completions of the truncated diagrams to stan-
dardized diagrams. The factor of k which appears in the formula of Theorem 3.30 can be
explained by considering a cyclic group action on the set of truncated diagrams, together
with a delightful partitioning of the ‘N -th multinomial (k−1)-simplex’ (better known as the
‘N -th row of Pascal’s triangle’ in the case k = 2), whose entries sum to kN (Lemma 3.22).
This paper is organized as follows. In Section 2, we introduce the family of k-caracol
graphs, state the generalized Lidskii volume formulas, and introduce one of the key ingredi-
ents of a unified diagram, called a gravity diagram. These are a combinatorial interpretation
of the Kostant partition function. We also discuss the necessary background on rational
Catalan combinatorics, and then give two bijective proofs to show that the volume of the
flow polytope of the k-caracol graph Car
(k)
n+1 at unit flow a = (1, 0, . . . , 0,−1) is the gen-
eralized Fuss-Catalan number Cat(n − k, k(n − k) − 1). The combinatorics arising from
Theorems 2.17 and 2.24 give rise to an interesting geometric question (Remark 2.28). In
Section 3, we introduce the unified diagrams for the flow polytope of the k-caracol graphs,
and its variations. We define the k-parking numbers, and show that they enumerate the
truncated unified diagrams (Theorem 3.18). Having developed all the necessary enumer-
ative tools, we end the section with a proof of Theorem 3.30. In Section 4, we discuss a
generalization of the volume of the flow polytopes of the k-caracol graphs at more general
net flow vectors in Theorem 4.2, and show that k-parking numbers form log-concave se-
quences. Finally in Section 5, we discuss some results for a multigraph which we call the
k-multicaracol graph, whose volume formulas are closely related to those for the k-caracol
graph at various net flows (Theorem 5.6). We end with a suggestion of an alternative pathway
towards another combinatorial proof of Theorem 3.30.
2. Volume of the k-caracol polytope with unit flow
2.1. Flow polytopes and the k-caracol graphs. We define the family of k-caracol graphs.
Definition 2.1. Let k ∈ N = Z≥0 and n > k. The directed graph G = Car
(k)
n+1 has vertex
set V (G) = {1, . . . , n+ 1} and edge set
E(G) = {(i, i+ 1), (i, k + 1), . . . , (i, n) | 1 ≤ i ≤ k} ∪ {(i, i+ 1), (i, n+ 1) | k + 1 ≤ i ≤ n} .
For clarity, we point out that Car
(k)
n+1 is a graph without multiple edges, and note that the
number of edges in Car
(k)
n+1 is m = (k + 1)(n − k) + n − 2 for. The graph Car
(1)
n+1 is the
caracol graph, and the graph Car
(n−1)
n+1 is the Pitman–Stanley graph PSn with an additional
edge (n, n+ 1). The flow polytopes of both graphs were previously studied in [4]. We point
out that our definition of PSn differs from others found in the literature in that the edge
(n− 1, n) is not repeated.
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1 2 3 4 5
· · ·
n− 1 n n+ 1
1 2 3 4 5
· · ·
n− 1 n n+ 1
Figure 1. The graphs PSn+1 and Car
(1)
n+1 = Carn+1.
1 2 3 4 5 6
7 8
1 2 3 4 5 6
7 8
Figure 2. The graphs Car
(2)
8 and Car
(3)
8 .
Definition 2.2. Let G be a connected acyclic directed graph with vertex set V (G) =
{1, . . . , n+ 1} and edge multiset E(G) with m edges. Further assume that
(a) the out-degree of each of the vertices 1 through n is at least one,
(b) the in-degree of each of the vertices 2 through n + 1 is at least one,
(c) the edges of G are each directed from i to j if i < j.
For i = 1, . . . , n, let ti = outi − 1 be one less than the out-degree of the vertex i. The
shifted out-degree vector of G is t = (t1, . . . , tn) ∈ Z
n
≥0. Similarly for i = 2, . . . , n + 1, let
ui = ini − 1 be one less than the in-degree of the vertex i. The shifted in-degree vector of G
is u = (u2, . . . , un+1) ∈ Z
n
≥0. Note that
∑n
i=1 ti =
∑n+1
i=2 ui = m− n.
Given a = (a1, . . . , an,−
∑n
i=1 ai) with ai ∈ Z≥0, an a-flow on G is tuple (fe)e∈E(G) ∈ R
m
≥0
such that ∑
(j,k)∈E(G)
f(j,k) −
∑
(i,j)∈E(G)
f(i,j) = aj
for j = 1, . . . , n. The flow polytope of G with net flow a is the set FG(a) of a-flows on G.
Note that dimFG(a) = m− n.
2.2. The generalized Lidskii formulas.
Definition 2.3. For i = 1, . . . , n, let αi = εi−εi+1, where εi is the i-th standard basis vector
of Rn+1. To each edge e = (i, j) of G, we associate the vector
αe = α(i,j) = αi + · · ·+ αj−1 = εi − εj,
and let Φ+G = {αe | e ∈ E(G)} be the multiset of positive roots associated to G.
The Kostant partition function of G evaluated at a, denoted by KG(a), is the number of
ways of expressing the vector a ∈ Zn+1 as a linear combination of the vectors in Φ+G.
In this setting, integral a-flows on G are equivalent to vector partitions of a. Thus, the
number of integral a-flows on G is KG(a).
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The normalized volume of a d-dimensional lattice polytope is d! times its Euclidean volume.
Theorem 2.4 (Lidskii formulas, [3, Theorem 38], [10, Theorem 1.1]). Let G be a connected
acyclic directed graph with vertex set {1, . . . , n + 1} and m edges, along with the additional
properties as outlined in Definition 2.2. The normalized volume of the flow polytope FG(a)
of G with net flow vector a = (a1, . . . , an,−
∑n
i=1 ai) is
volFG(a) =
∑
s⊲t
(
m− n
s1, . . . , sn
)
· as11 · · · a
sn
n ·KG(s1 − t1, . . . , sn − tn, 0),
and the number of lattice points of FG(a) is
KG(a) =
∑
s⊲t
(
a1 + t1
s1
)
· · ·
(
an + tn
sn
)
·KG(s1 − t1, . . . , sn − tn, 0),
=
∑
s⊲t
(
a1 − u1
s1
)
· · ·
(
an − un
sn
)
·KG(s1 − t1, . . . , sn − tn, 0),
where KG is the Kostant partition function of G, and the sum is over weak compositions
s = (s1, . . . , sn)  m− n such that
∑k
i=1 si ≥
∑k
i=1 ti for every k.
The special case of the Lidskii volume formula at a = (1, 0, . . . , 0,−1) plays a central role
in the following sections.
Corollary 2.5. Let G be a directed graph with n + 1 vertices and m edges, with shifted
out-degree and in-degree vectors t = (t1, . . . , tn) and u = (u2, . . . , un+1). Then
volFG(1, 0, . . . , 0,−1) = KG(m− n− t1,−t2, . . . ,−tn, 0),
= KG(0, u2, . . . , un, un+1 − (m− n)).
Thus, the volume of the flow polytope FG(1, 0, . . . , 0,−1) can be computed by counting
the number of lattice points of two related polytopes, as noted by Me´sza´ros and Morales
in [10].
2.3. Kostant partition functions and gravity diagrams. In [4], we introduced a com-
binatorial interpretation of the Kostant partition function of a graph G, which we called
(out-degree) gravity diagrams. Here, we introduce an analogous notion of in-degree gravity
diagrams.
Definition 2.6. A vector v = (v1, . . . , vn+1) = c1α1 + · · · + cnαn can be represented by
an array of cj dots in the j-th column, with the dots drawn so that the column is justified
upward. A positive root αe = α(i,j) = αi + · · · + αj−1 ∈ Φ
+
G can then be viewed as a line
segment that joins dots in consecutive columns, from the i-th column to the (j − 1)-th
column. So, given a partition v =
∑
α(i,j)∈Φ
+
G
p(i,j)[α(i,j)] of the vector v using roots from
Φ+G, a line-dot diagram for v with respect to Φ
+
G is a pictorial representation of the vector
partition that consists of the array of dots for v, and p(i,j) line segments from the i-th column
to the (j− 1)-th column for each edge (i, j) ∈ E(G) in which each dot is incident to at most
one nontrivial line segment. We consider a single dot to be a line of length zero, or a trivial
line segment.
Of course, a given vector partition may have multiple line-dot diagram representations.
Two line-dot diagrams are equivalent if they represent the same vector partition, and a
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gravity diagram is a representative of an equivalence class of line-dot diagrams. Let GG(v)
denote a set of gravity diagrams for the vector v with respect to the graph G.
Theorem 2.7 ([4, Theorem 3.1]). Let G be a directed graph with n + 1 vertices and whose
edges are directed from i to j if i < j. For any vector v = (v1, . . . , vn+1) such that
∑n+1
i=1 vi =
0,
KG(v) = |GG(v)|.
By Corollary 2.5, we see that the volume of the flow polytope FG(1, 0, . . . , 0,−1) can
be computed by counting a set of associated gravity diagrams, provided that they can be
described systematically. There are two vectors which are most pertinent to the study of
volumes of flow polytopes with unit flow a = (1, 0, . . . , 0,−1).
Definition 2.8. Given a directed graph G with shifted out-degree vector t, the set of out-
degree gravity diagrams of G is a set of gravity diagrams for the vector
vout = (m− n− t1,−t2, . . . ,−tn, 0)
= (t2 + · · ·+ tn)α1 + (t3 + · · ·+ tn)α2 + · · ·+ tnαn−1
with respect to the set of positive roots Φ+G. This is denoted by GG(vout).
In a similar vein, given a directed graph G with shifted in-degree vector u, the set of
in-degree gravity diagrams of G is a set of gravity diagrams for the vector
vin = (0, u2, . . . , un, un+1 − (m− n))
= u2α2 + (u2 + u3)α3 + · · ·+ (u2 + · · ·+ un)αn
with respect to the set of positive roots Φ+G. This is denoted by GG(vin).
Corollary 2.9. Combining Corollary 2.5 and Theorem 2.7, the volume of the flow polytope
of G with unit flow a = (1, 0, . . . , 0,−1) is equal to the number of out-degree gravity diagrams
of G and the number of in-degree gravity diagrams of G.
volFG(1, 0, . . . , 0,−1) = |GG(vout)| = |GG(vin)|.
In the next sections, we describe a canonical way to define out-degree and in-degree gravity
diagrams for the k-caracol family of graphs. We note that some of our conventions differ
from the ones originally chosen for the (classical) caracol graph Carn+1 = Car
(1)
n+1 in [4].
2.4. Gravity diagrams for the k-caracol graphs. The k-caracol graph Car
(k)
n+1 has n+1
vertices and m = (k + 1)(n − k) + n − 2 edges. Its shifted out-degree vector t and shifted
in-degree vector u are
t = (n− k, . . . , n− k︸ ︷︷ ︸
k−1
, n− k − 1, 1, . . . , 1︸ ︷︷ ︸
n−k−1
, 0) and
u = (0, . . . , 0︸ ︷︷ ︸
k−1
, k − 1, k, . . . , k︸ ︷︷ ︸
n−k−1
, n− k − 1),
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and their coordinates sum to m− n = (k + 1)(n− k)− 2. We also have
vout =
k−1∑
j=1
((k + 1− j)(n− k)− 2)αj +
n−2∑
j=k
(n− j − 1)αj and
vin =
n∑
j=k+1
((j − k)k − 1)αj.
The in-degree gravity diagrams for vin are defined on a triangular array of (j − k)k − 1
dots in the j-th column for j = k + 1, . . . , n. Since the dots lie in columns indexed by
αj only for j = k + 1, . . . , n, then for the purposes of defining the set of in-degree gravity
diagrams, we only need to consider the positive roots which correspond to the edges in the
graph G = Car
(k)
n+1 when restricted to the vertex set {k+1, k+2, . . . , n+1}. These positive
roots are
Φ+G|V ={k+1,...,n+1} = {αj}
n
j=k+1 ∪ {αj + · · ·+ αn}
n−1
j=k+1,
so we see that each nontrivial line segment must end in the n-th column. This leads us to
choose the following conventions for the in-degree gravity diagrams:
(a) each line segment must be horizontal,
(b) a longer line segment must be in a row above that of a shorter line segment.
This uniquely defines a representative for each equivalence class of in-degree line-dot diagrams
for Car
(k)
n+1. See Figures 3 and 4 for some examples.
The out-degree gravity diagrams for vout are defined on the array consisting of (k + 1 −
j)(n − k) − 2 dots in the j-th column for j = 1, . . . , k − 1, and n − j − 1 dots in the j-th
column for j = k, . . . , n − 2, where the latter portion forms a right-triangular array. Given
this, we only need to consider the positive roots which correspond to the edges in the graph
G = Car
(k)
n+1 when restricted to the vertex set {1, 2, . . . , n− 1}.
From this, we see that every nontrivial line segment for the out-degree gravity diagram
begins an i-th column for some i = 1, . . . , k, and ends in a j-th column for some j =
k, . . . , n − 2. In other words, every nontrivial line segment contains a dot from the k-th
column of the array, and this leads us to choose the following conventions for the out-degree
gravity diagrams:
(a) each line segment must be horizontal,
(b) the line segments are ordered from top to bottom so that the line segments which
end at the q-th column are above the line segments which end at the p-th column if
q > p, and if two line segments end at the same column, then the longer line segment
is above the shorter line segment.
This uniquely defines a representative for each equivalence class of out-degree line-dot dia-
grams for Car
(k)
n+1. See Figures 3 and 4 for some examples.
Remark 2.10. An out-degree gravity diagram of Car
(k)
n+1 is defined on an array consisting
of (k + 1 − j)(n − k) − 2 dots in the j-th column for j = 1, . . . , k − 1, and n − j − 1 dots
in the j-th column for j = k, . . . , n − 2. However, note that we can truncate the dots in
the first k − 1 columns of the out-degree gravity diagram below the first n − k − 1 rows of
dots without loss of generality since every nontrivial line segment must contain a dot from
the column indexed by αk, and so no line segments can be drawn on those dots below the
first n− k− 1 rows. In other words, we view the out-degree gravity diagrams of Car
(k)
n+1 as a
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α1 α2 α3 α1 α2 α3 α1 α2 α3 α1 α2 α3 α1 α2 α3
α3 α4 α5 α3 α4 α5 α3 α4 α5 α3 α4 α5 α3 α4 α5
Figure 3. The out-degree and in-degree gravity diagrams for Car
(1)
6 .
α1 α2 α3 α1 α2 α3 α1 α2 α3 α1 α2 α3 α1 α2 α3 α1 α2 α3 α1 α2 α3
α3 α4 α5 α3 α4 α5 α3 α4 α5 α3 α4 α5 α3 α4 α5 α3 α4 α5 α3 α4 α5
Figure 4. The out-degree and in-degree gravity diagrams for Car
(2)
6 .
trapezoidal array of k − 1 + i dots in the i-th row for i = 1, . . . , n− k − 1. See the left side
of Figure 6 for an example.
2.5. Fuss-Catalan volumes. In the paper [4], we computed the volume of the flow polytope
of the caracol graph Car
(1)
n+1 with unit flow a = (1, 0, . . . , 0,−1) by describing a bijection
between its out-degree gravity diagrams and a set of Dyck paths. We now generalize this
method and compute the volume of the flow polytope of the k-caracol graph Car
(k)
n+1 with
unit flow a = (1, 0, . . . , 0,−1) in two ways. The first is a bijection between in-degree gravity
diagrams and a set of rational Catalan Dyck paths, and the second is a bijection between
the out-degree gravity diagrams and the same set of rational Catalan Dyck paths.
Before we do this, we introduce some basic background on rational Catalan combinatorics,
which is a generalization due to Armstrong, Loehr, andWarrington [2] of the classical Catalan
numbers.
Definition 2.11. Let a, b be nonnegative integers such that b ≥ a. A lattice path from
(0, 0) to (b, a) is a path comprised of a north steps N = (0, 1) and b east steps E = (1, 0).
We may equivalently represent the lattice path as a word N s1EN s2E · · ·N sbE, so that s =
(s1, . . . , sb) ∈ Z≥0 is a weak composition of |s| = s1 + · · ·+ sb = a of length ℓ(s) = b. In this
paper, we will often view lattice paths as weak compositions.
Definition 2.12. Given two weak compositions s = (s1, . . . , sb)  a and t = (t1, . . . , tb)  a,
we say that s dominates t and we write s⊲t if s1+ · · ·+sj ≥ t1+ · · ·+tj for each j = 1, . . . , b.
A t-Dyck path is a weak composition s = (s1, . . . , sb) that dominates t.
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Visually, s = (s1, . . . , sb)  a is the lattice path N
s1E · · ·N sbE on the rectangular grid
from (0, 0) to (b, a). On this grid, the composition t = (t1, . . . , tb)  a is represented by
shading tj squares in the j-th column of squares, starting at height t1+ · · ·+ tj−1. The set of
t-Dyck paths is then the set of lattice paths from (0, 0) to (b, a) which lie above the shaded
t-region. The area of a t-Dyck path is the number of squares lying between the path and
the shaded t-region.
Definition 2.13. For coprime positive integers b > a, a rational (a, b)-Dyck path is a lattice
path from (0, 0) to (b, a) in the integer lattice Z2 comprised of north steps N = (0, 1) and
east steps E = (1, 0) that stays above the diagonal line from (0, 0) to (b, a). Let D(a, b)
denote the set of rational (a, b)-Dyck paths.
Remark 2.14. Rational (a, b)-Dyck paths are a special case of t-Dyck paths. By shading
the squares on the b by a grid which intersect the line y = a
b
x, we obtain the (row) signature
(r1, . . . , ra) of the path, where ri is the number of shaded squares in the i-th row. The
associated weak composition t is then the transpose of (r1−1, . . . , ra−1−1, ra). In the proof
of Theorem 2.17, we will use the fact that for a = n − k and b = k(n − k) − 1, rational
(a, b)-Dyck paths are t-Dyck paths where t is the transpose of (k − 1, kn−k−1).
Definition 2.15. For coprime positive integers b > a, the rational Catalan number
(1) Cat(a, b) =
1
a + b
(
a + b
a
)
=
1
b
(
a+ b− 1
a
)
=
1
a
(
a + b− 1
b
)
enumerates rational (a, b)-Dyck paths [2, Section 3.2].
Remark 2.16. Two well-known special cases of the rational Catalan numbers are the clas-
sical Catalan numbers
Cat(n) = Cat(n, n + 1) =
1
2n+ 1
(
2n+ 1
n
)
=
1
n + 1
(
2n
n
)
=
1
n
(
2n
n+ 1
)
,
and the classical Fuss-Catalan numbers
Cat(n, kn+ 1) =
1
(k + 1)n+ 1
(
(k + 1)n+ 1
n
)
=
1
kn+ 1
(
(k + 1)n
n
)
=
1
n
(
(k + 1)n
kn+ 1
)
,
for k ∈ N.
It turns out that the volume of the flow polytope of the k-caracol graph with unit flow
a = (1, 0, . . . , 0,−1) is a generalized Fuss-Catalan number.
Theorem 2.17. For k ∈ N and n > k,
volF
Car
(k)
n+1
(1, 0, . . . , 0,−1) = Cat(n− k, k(n− k)− 1).
Proof. Let a = n− k and b = ka− 1. We construct a bijection Ψin : GG(vin)→ D(a, b) from
the set of in-degree gravity diagrams of Car
(k)
n+1 to the set of rational (a, b)-Dyck paths.
Recall from Section 2.4 that an in-degree gravity diagram of Car
(k)
n+1 is defined on a tri-
angular array of (j − k)k − 1 dots in the j-column for j = k + 1, . . . , n. Given an in-degree
gravity diagram Γ, we embed it into the squares of the Z2 grid by rotating Γ counterclockwise
by ninety degrees, aligned so that the dots in the column indexed by αn lie in the squares
just above the line y = a. See Figure 5 for an illustration.
As noted in Remark 2.14, the set of (a, b)-Dyck paths is the set of t-Dyck paths where t
is the transpose of (k − 1, kn−k−1). With this interpretation, one can see that the columns
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of Γ embed into the squares of Z2 precisely so that the lower boundary of Γ consists of the
shaded squares in the (a, b)-Dyck path diagram.
Line segments of the embedded Γ extend along columns from the top row of the Dyck
path diagram, and by the convention chosen for the in-degree gravity diagrams, the lengths
of these columns are non-increasing from left to right. Thus, the line segments of Γ define
a unique rational (a, b)-Dyck path associated to Γ. Conversely, any (a, b)-Dyck path defines
an in-degree gravity diagram for Car
(k)
n+1 whose line segments occupy every square on the
northwest side of the Dyck path.
Therefore, |G
Car
(k)
n+1
(vin)| = |D(a, b)| = Cat(a, b), and we conclude by Corollary 2.9 that
volF
Car
(k)
n+1
(1, 0, . . . , 0,−1) = Cat(n− k, k(n− k)− 1). 
Corollary 2.18. We recover the following formulas as special cases. At k = 1,
volFCarn+1(1, 0, . . . , 0,−1) = Cat(n− 1, n− 2) =
1
n− 1
(
2n− 4
n− 2
)
is a classical Catalan number. At k = n− 1,
volFPSn(1, 0, . . . , 0,−1) = volFCar(n−1)n+1
(1, 0, . . . , 0,−1) = Cat(1, n− 2) = 1.
Proof. Earlier, we observed that when k = n− 1, the graph Car
(n−1)
n+1 is the graph PSn with
an extra edge (n, n + 1). Note that this edge does not affect the equations defining the
polytope, so FPSn(a1, . . . , an−1,−
∑n−1
i=1 ai) = FCar(n−1)n+1
(a1, . . . , an−1, an,−
∑n
i=1 ai). 
Remark 2.19. Me´sza´ros [9] developed a method for expressing the volumes of flow polytopes
with unit flow as the number of certain triangular arrays, and as an application, used it to
construct a family of flow polytopes FG with Fuss-Catalan volume Cat(a, ka + 1).Using
relationship between rational-Dyck paths and in-degree gravity diagrams as a guide, then
the graph H
(k)
n+1, obtained by taking G = Car
(k)
n+1 and adding one more copy of the edge
(k, k + 1), has shifted in-degree vector u = (0, kn−k, n − k), and vin =
∑n
j=k+1(j − k)kαj .
This means that an in-degree gravity diagram for H
(k)
n+1 can be embedded in the squares of a
k(n− k) by n− k grid. We can, without loss of generality, extend this to a b = k(n− k) + 1
by a = n− k grid to ensure that a and b are coprime and the bijection between the rational
(a, b)-Dyck paths and in-degree gravity diagrams will remain unchanged. We hope to explore
this variation of the k-caracol graphs in future work.
By Corollary 2.9, we can obtain a second proof of Theorem 2.17 by constructing a bijection
from the set of out-degree gravity diagrams to the same set of rational Dyck paths as above.
Definition 2.20. We set some notation that will be used in the proof of the next result.
Recall from Remark 2.10 that without loss of generality, we may consider the out-degree
gravity diagrams for Car
(k)
n+1 to be defined on a trapezoidal array of k− 1+ i dots in the i-th
row for i = 1, . . . , n− k − 1. Since the line segments of the gravity diagram are horizontal,
we let Li = [ℓi, ri] denote the line segment in the i-th row, from the ℓi-th column to the ri-th
column. The length of Li is d(Li) = ri − ℓi.
For k ∈ N and n > k, let a = n−k and b = ka−1. We will define a map Ψout : GG(vout)→
D(a, b) (Definition 2.23) from the set of out-degree gravity diagrams for G = Car
(k)
n+1 to the
set of rational (a, b)-Dyck paths in several steps.
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Let Γ ∈ GG(vout) be an out-degree gravity diagram with line segments L1, . . . , La−1. Again,
we view an (a, b)-Dyck path as a t-Dyck path where t is the transpose of (k−1, ka−1). Let Z
denote the Z2 grid from (0, 0) to (b, a), with the t-region shaded (this is the lattice on which
we can draw an (a, b)-Dyck path). Note that Z has exactly a− 1 nonempty rows of squares
lying above its shaded t-region, so we will show that we can embed the line segments of Γ
into the rows of squares of Z appropriately, which in turn will define the (a, b)-Dyck path
associated to Γ.
To begin with, we label the j(k−1)-th column of squares of Z by αk+j, for j = 0, . . . , a−2.
The zeroth column lies to the left of the diagram. See the right side of Figure 6 for an
example. We embed the line segment Li = [ℓi, ri] into the (i+ 1)-th row of squares of Z by
placing its left endpoint in the column indexed by αri .
To see that this procedure indeed embeds Li into the squares lying above the shaded t-
region of Z, we first list a few properties which are satisfied by these embedded line segments.
Lemma 2.21. Let Li = [ℓi, ri] be the line segment in the i-th row of an out-degree gravity
diagram Γ ∈ GG(vout). Let lp(Li), respectively rp(Li), denote the column of the Dyck path
diagram Z that is occupied by the left (respectively right) endpoint of the embedded line
segment Li. Then
(a) 1 ≤ ℓi ≤ k and k ≤ ri ≤ k + i− 1,
(b) ri − k ≤ d(Li) ≤ ri − 1 ≤ k + i− 2,
(c) lp(Li) ∈ {k − 1, 2(k − 1), . . . , (i− 1)(k − 1)}, and
(d) rp(Li) ≤ ik − 1.
Proof. Parts (a) and (b) follow directly from the conventions for Γ as a gravity diagram. Part
(c) holds because lp(Li) occupies the column labeled by αri , which is the (ri − k)(k − 1)-th
column of Z, and by part (a), k ≤ ri ≤ k + i − 1. Finally, part (d) follows because by part
(c), the rightmost column which can be occupied by lp(Li) is (i−1)(k−1), and by part (b),
the maximum length of Li is k + i− 2, so rp(Li) ≤ (i− 1)(k − 1) + k + i− 2 = ik − 1. 
Note that there are precisely ik − 1 squares lying in the (i + 1)-th row of Z, above the
shaded t-region, so by part (d) of the above Lemma, each line segment Li of Γ is embedded
into the squares lying above the shaded t-region of Z, as claimed.
Lemma 2.22. Let G = Car
(k)
n+1, and let Γ ∈ GG(vout) be an out-degree gravity diagram with
line segments L1, . . . , La−1. Then rp(L1) ≤ · · · ≤ rp(La−1).
Proof. We proceed by induction on a. The base cases are for k ≥ 1 and a = n − k = 1.
In these cases, the only out-degree gravity diagram is the empty diagram, and the only
(1, b)-Dyck path is NEb, so the base cases hold.
Now given k ≥ 1, suppose Γ has a − 1 rows with line segments L1, . . . , La−1. By the
induction hypothesis, the line segments L1, . . . , La−2 of Γ embeds into rows 2 through a− 1
of the Dyck path grid Z, and the shape of these embedded line segments defines a (partial)
rational (a − 1, b − k)-Dyck path from (0, 0) to (c, a − 1) for some 0 ≤ c ≤ b − k. We now
consider embedding the last line segment La−1.
If La−1 and La−2 are embedded into Z so that lp(La−1) = lp(La−2), then by the conventions
defining the out-degree gravity diagrams, d(La−1) ≥ d(La−2), and so rp(La−1) ≥ rp(La−2).
Otherwise, by construction, La−1 must be embedded so that lp(La−1) ≥ lp(La−2) + k − 1.
In other words, if ra−2 = k + h for some h ≥ 0, then ra−1 ≥ k + h + 1. By part (b) of the
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previous Lemma, we have d(La−2) ≤ k+h−1 and h+1 ≤ d(La−1). Putting this altogether,
rp(La−1) = lp(La−1) + d(La−1) ≥ lp(La−2) + k − 1 + h+ 1
> lp(La−2) + d(La−2) = rp(La−2),
so the right endpoint of La−1 lies (strictly) to the right of the right endpoint of La−2 in this
case also. 
Definition 2.23. Lemma 2.22 shows that the line segments L1, . . . , La−1 of a gravity diagram
Γ ∈ GG(vout) are embedded into the (a, b)-Dyck path grid Z so that the right endpoints of the
line segments move weakly to the right. Therefore, we can define Ψout(Γ) to be the rational
(a, b)-Dyck path defined by the ‘rectilinear convex hull’ of the embedded line segments of Γ.
In other words, consider the region of squares that lie above the shaded t-region as the
Ferrers diagram of the partition λ(a, k) = ((a−1)k−1, (a−2)k−1, . . . , 2k−1, k−1). Then
the right endpoints of the embedded line segments coming from Γ define a subpartition of
λ, and this subpartition defines the (a, b)-Dyck path associated to Γ.
See Example 2.26 and Figure 6 for an illustration.
α
4
α
5
α
6
α
7
α
8
α
9
α
1
0
α
1
1
(0, 0)
(23, 8)
Figure 5. An in-degree gravity diagram of Car
(3)
12 , rotated to embed in its
corresponding rational (8, 23)-Dyck path under the bijection Ψin.
α1 α2 α3 α4 α5 α6 α7 α8 α9
row 7
row 6
row 5
row 4
row 3
row 2
row 1
(0, 0)
(23, 8)
α3 α4 α5 α6 α7 α8 α9
Figure 6. An out-degree gravity diagram of Car
(3)
12 and its corresponding
rational (8, 23)-Dyck path under the bijection Ψout.
Proposition 2.24. For k ∈ N and n > k, the map Ψout : GG(vout) → D(a, b) from the set
of out-degree gravity diagrams of G = Car
(k)
n+1 to the set of rational (a, b)-Dyck paths is a
bijection.
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Proof. Let a = n − k and b = ka − 1. To see that Ψout is a bijection, we will describe
the inverse map by reconstructing the line segments L1, . . . , La−1 for an out-degree gravity
diagram Γ ∈ GG(vout). Let s be a rational (a, b)-Dyck path, and let Li = [ℓi, ri] denote the
line segment that we will reconstruct from the (i+ 1)-th row of the Dyck path. The shape
of s immediately dictates the location of the right endpoint of each embedded line segment,
so we need only to determine the location of the left endpoint.
Suppose jk ≤ rp(Li) ≤ (j + 1)k − 1 for some j = 0, . . . , i− 2. By construction, lp(Li) =
(ri − k)(k − 1). We claim that ri − k = j. From there, we would have the length d(Li) =
rp(Li)− lp(Li), and then we can fully determine the line segment Li = [k+ j− d(Li), k+ j].
As seen in Lemma 2.21(b), ri − k ≤ d(Li) ≤ ri − 1. And since d(Li) = rp(Li)− lp(Li), it
follows that
(ri − k)k ≤ rp(Li) ≤ (ri − k + 1)k − 1.
Since we assumed that rp(Li) ≤ (j + 1)k − 1, then the inequality on the right side implies
ri − k ≤ j. On the other hand, we also assumed that jk ≤ rp(Li), so the inequality of the
left side implies j ≤ ri − k. Thus we have ri − k = j, as claimed.
Since we can uniquely recover the embedded line segments and therefore the out-degree
gravity diagram from any (a, b)-Dyck path s, then Ψout is a bijection. 
Corollary 2.25. The composition Ψ−1in ◦ Ψout is a bijection between the sets of out-degree
and in-degree gravity diagrams of Car
(k)
n+1.
Proof. An out-degree and an in-degree gravity diagram of Car
(k)
n+1 correspond to each other
if they have the same associated rational (a, b)-Dyck path. 
Example 2.26. Figures 5 and 6 show a pair of in-degree and out-degree gravity diagrams
for G = Car
(3)
12 which correspond to each other under the bijection Ψ
−1
in ◦ Ψout because they
have the same associated rational (8, 23)-Dyck path.
In Figure 6, we have an out-degree gravity diagram Γ ∈ GG(vout). The (2j)-th column of
squares of the Dyck path diagram are indexed by α3+j for j = 0, . . . , 6. These are indicated
in light grey across the top row of the diagram. The line segments of Γ are L1, . . . , L7 =
[3, 3], [2, 3], [2, 4], [1, 4], [3, 7], [3, 7], [1, 7], and Li = [ℓi, ri] is embedded into the (i+1)-th row of
squares of the associated rational (8, 23)-Dyck path with their left endpoints occupying the
column labeled by αri for each i. The ‘rectilinear convex hull’ of the embedded line segments
forms the subpartition (14, 12, 12, 5, 4, 1) of the partition λ(8, 3) = (20, 17, 14, 11, 8, 5, 2).
Remark 2.27. We make a few comments regarding the special case of the classical caracol
graph G = Car
(1)
n+1. In this case, the out-degree gravity diagrams are defined on a triangular
array of n−j−1 dots in the j-th column for j = 1, . . . , n−2, and each horizontal line segment
extends from the first column to the j-th column for some j = 1, . . . , n − 2. Similarly, the
in-degree gravity diagrams are defined on a triangular array of j− 2 dots in the j-th column
for j = 3, . . . , n, and each horizontal line segment extends from the last column to the j-th
column for some j = 3, . . . , n. See Figure 3 for the full sets of out-degree and in-degree
gravity diagrams for Car
(1)
6 .
Given this, an ‘obvious’ bijection between the out-degree and in-degree gravity diagrams
for Car
(1)
n+1 is the reflection about a vertical axis. Corollary 2.25 gives a second bijection; the
out-degree diagrams can equivalently be thought of as subpartitions of the staircase partition
δn−2 = (n − 3, n − 4, . . . , 2, 1), with the parts of the subpartition defined by the lengths of
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the horizontal line segments. The bijection Ψ−1in ◦Ψout amounts to being the conjugation of
partitions. See Figure 7 for an example for Car
(1)
8 .
α1 α2 α3 α4 α5
λ = (3, 2, 2, 1)
−→
Ψ−1in ◦Ψout
α
3
α
4
α
5
α
6
α
7
λ′ = (4, 3, 1)
Figure 7. The bijection Ψ−1in ◦Ψout for the out-degree and in-degree gravity
diagrams for Car
(1)
n+1 amounts to the conjugation of partitions.
Remark 2.28. To summarize, we have seen that the volume of the flow polytope of the
k-caracol graph G = Car
(k)
n+1 with unit flow can be computed by counting the number lattice
points of two different graphs. When k ≥ 2,∣∣FGin (k − 1, kn−k−1,−k(n− k) + 1) ∩ ZdimGin∣∣
= KGin
(
k − 1, kn−k−1,−k(n− k) + 1
)
= volFG(1, 0, . . . , 0,−1)
= KGout
(
k(n− k)− 2,−(n− k)k−2,−(n− k − 1), (−1)n−k−1
)
=
∣∣FGout (k(n− k)− 2,−(n− k)k−2,−(n− k − 1), (−1)n−k−1) ∩ ZdimGout∣∣,
where Gin is the restriction of G = Car
(k)
n+1 to the vertices {k, . . . , n + 1} and Gout is the
restriction of G = Car
(k)
n+1 to the vertices {1, . . . , n− 1}. We point out that at k = 2, Gin =
PSn−1, and for k ≥ 3, Gin = Carn−k+2. The case k = 1 is trivial since Gin = PSn−1 = G
rev
out,
and FGin(1
n−2,−(n− 2)) is equal to FGout(n− 2, (−1)
n−2) by reversing the flow. For k ≥ 2,
it may be interesting to investigate any geometric implications behind the combinatorial
correspondence given by Ψ−1in ◦Ψout on the lattice points of these flow polytopes of different
dimensions.
3. Volume of the k-caracol polytope with net flow (1, . . . , 1,−n)
In [4], we introduced a combinatorial interpretation of the Lidskii volume formula (Theo-
rem 2.4) and called the objects unified diagrams. In this section, we define unified diagrams
for the k-caracol graph, and compute the volume of the flow polytope of Car
(k)
n+1 with net flow
a = (1, . . . , 1,−n). As a corollary, we recover the analogous result for the classical caracol
graph and the Pitman–Stanley graph.
We point out that the results in this section is the first application of using unified diagrams
to compute volumes of flow polytopes whose underlying graphs are not planar.
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3.1. Unified diagrams. In this section, we restrict ourselves to defining unified diagrams
for flow polytopes with net flow a = (1, . . . , 1,−n). We will discuss unified diagrams in full
generality in Section 4.
Definition 3.1. Let t = (t1, . . . , tp)  q. A labeled t-Dyck path is a pair (s, σ) where
s = (s1, . . . , sp) is a t-Dyck path and σ is a permutation in the symmetric group Sq, whose
descent set is contained in {s1+ · · ·+sj | j = 1, . . . , p−1}. Let PFt denote the set of labeled
t-Dyck paths, which are also known as generalized parking functions.
Definition 3.2. Let G be an acyclic directed graph with n+1 vertices and shifted out-degree
vector t. A unified diagram for the flow polytope FG(1, . . . , 1,−n) is a triple (s, σ,Γ) where
(s, σ) is a labeled t-Dyck path and Γ is an out-degree gravity diagram for GG(s− t, 0). Let
UG denote this set of unified diagrams.
Visually, if t = (t1, . . . , tp)  q, then (s, σ) is the lattice path N
s1E · · ·N spE on the
rectangular grid form (0, 0) to (p, q) which lies above the shaded t-region, and whose north
steps are labeled by the permutation σ so that the labels on consecutive north steps are
nondecreasing. See Figure 8 for an example where G = Car
(3)
7 . There, the shifted out-degree
vector is t = (3, 3, 2, 1, 1, 0), indicated by the shaded squares, and the σ-labeled t-Dyck path
s = (5, 4, 0, 1, 0, 0) is indicated in red. The gravity diagram Γ, which represents a vector
partition of s − t = 2α1 + 3α2 + α3 + α4 with respect to graph Car
(3)
7 , is embedded in the
squares bounded between the t-Dyck path and the shaded t-region.
2
5
8
9
10
1
3
4
6
7
α1 α2 α3 α4
(0, 0)
(5, 10)
Figure 8. A unified diagram U = (s, σ,Γ) for Car
(3)
7 .
Remark 3.3. Since
∑n
j=1 tj = m − n, then (m − n)e1 = (m − n, 0, . . . , 0) ⊲ t, and vout =
(m − n)e1 − t. All other s  m − n which dominate t satisfy (m − n)e1 ⊲ s ⊲ t, and
GG(s− t, 0) ⊆ GG(vout) for all s⊲ t.
Unified diagrams were created for the purpose of combinatorializing the generalized Lidskii
volume formula. We restate the formula in a way that is convenient for us to use later
on. This next result follows from the fact that the number of labeled t-Dyck paths is
|PFt | =
∑
s⊲t
(
|t|
s
)
.
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Theorem 3.4 (Parking function version of the Lidskii volume formula, [4, Theorems 4.3,
4.4]). With the same conditions as in Theorem 2.4, the volume of the flow polytope FG(a)
of G with net flow vector a is
volFG(a) =
∑
(s,σ)∈PFt
as ·KG(s− t, 0) = | UG(a)|.
3.2. Refinements of unified diagrams. In this section, we set up the combinatorial tools
necessary for enumerating the unified diagrams for the flow polytope of the k-caracol graphs.
This will be achieved by stratifying the set of unified diagrams according to level.
Definition 3.5. Let t = (t1, . . . , tp)  q. Given a t-Dyck path s = (s1, . . . , sp), its k-th
column level is defined to be q − (s1 + · · ·+ sk), for k = 1, . . . , p. Visually, this is the height
at which the k-th east step of s occurs, where the zero-th level starts from the top of the
Dyck path at y = q. The possible levels in the k-th column are i = 0, . . . , q− (t1 + · · ·+ tk).
Definition 3.6. Let G be a directed graph with n+1 vertices and shifted out-degree vector
t  m−n. If (s, σ) is a labeled t-Dyck path whose k-th column level is i, we can decompose
it into two labeled Dyck paths (p, π) and (q, κ) respectively corresponding to the subpaths
before and after the k-th east step of s.
We can standardize the labelings so that κ ∈ Si and π ∈ Sm−n−i. There are
(
m−n
i
)
ways
to choose a label set of size i, so
(2) | UG| =
m−n−(t1+···+tk)∑
i=0
(
m− n
i
)
| SU (k,i)G |
where SU
(k,i)
G = {((p, π), (q, κ),Γ)} is the set of standardized level-(k, i) unified diagrams for
FG; the concatenation of p and q is a t-Dyck path s with s1 + · · · + sk = m − n − i, the
labels κ ∈ Si and π ∈ Sm−n−i, and Γ ∈ GG(s − t, 0) is an out-degree gravity diagram with
m− n− (t1 + · · ·+ tk)− i dots in the k-th column.
Example 3.7. The labeled t-Dyck path (s, σ) in the unified diagram U for Car
(3)
7 from
Figure 8 has level i = 1 in the third column, and it decomposes into the two labeled Dyck
paths (p, π) and (q, κ) with standardized labelings where p = (5, 4, 0), σ = 257891346 ∈ S9,
q = (1, 0, 0), and κ = 1 ∈ S1.
We need one further refinement on the set of unified diagrams.
Definition 3.8. Let G be a directed graph with n+1 vertices and shifted out-degree vector
t  m − n. For k ∈ N and i ∈ Z≥0, a truncated level-(k, i) unified diagram for the flow
polytope FG is obtained by taking a standardized level-(k, i) unified diagram (s, σ,Γ) for FG
and erasing the initial part (p, π) of the labeled t-Dyck path (s, σ) which occurs before (and
including) the k-th east step of s.
In other words, this is a triple (q, κ,Γ) where (q, κ) is a labeled t′ = (tk+1, . . . , tn)-Dyck
path that begins at the coordinates (k,m−n− i) and is labeled by κ ∈ Si so that the labels
on consecutive north steps of q are non-decreasing, and Γ is an out-degree gravity diagram
for G with m − n − (t1 + · · · + tk) − i dots in its k-th column. Let U
(k,i)
G denote the set of
truncated level-(k, i) unified diagrams for G.
Example 3.9. The left side of Figure 9 shows a truncated level-(3, 2) unified diagram for
G = Car
(3)
10 . Note that the only requirement on how the line segments of the embedded
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gravity diagram Γ are depicted is that the line segments must occupy the lowest possible
dots in each column. That is, ‘gravity’ drags the line segments downwards.
2
1
i = 0
i = 1
i = 2
i = 3
i = 4
i = 5
k = 3
(0, 0)
(8, 22)
−→
Θ
1
0
2
0
2
pp = {1} × ∅ × {1, 3} × (4, 1)
Figure 9. On the left is a truncated unified diagram U = (q, κ,Γ) ∈ U
(3,2)
G
for G = Car
(3)
10 , and on the right is its corresponding 3-multi-labeled Dyck
path M under the bijection Θ : U
(3,2)
G → T3(3, 2). M encodes the parking
preferences pp.
Definition 3.10. For each truncated unified diagram U = (q, κ,Γ) ∈ U (k,i)G , let S(U) be the
number of ways to complete U to obtain a standardized unified diagram ((p, π), (q, κ),Γ) ∈
SU
(k,i)
G .
To be clear, a completion (p, π) is a labeled (t1, . . . , tk)-Dyck path p from (0, 0) to (k,m−
n−i) whose last step is the east step (k−1, m−n−i) to (k,m−n−i), the label π ∈ Sm−n−i,
and Γ is contained in the region between p and the shaded t-region. We then have
(3)
∣∣∣SU (k,i)G ∣∣∣ = ∑
U∈U
(k,i)
G
S(U).
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3.3. Completions of truncated unified diagrams for the k-caracol graph. In the
remainder of this section, we let G = Car
(k)
n+1.
Definition 3.11. Let U = (q, κ,Γ) ∈ U
(k,i)
G be a truncated unified diagram for G, with
the gravity diagram drawn so that its line segments occupy the lowest possible dots in each
column. The k-hull of U is the weak composition c = (c1, . . . , ck)  m−n−i which represents
the shape of the (t1, . . . , tk)-Dyck path p = N
c1E · · ·N ckE from (0, 0) to (k,m−n−i) having
the smallest possible area.
Recall from Remark 2.10 that without loss of generality, we can consider out-degree gravity
diagrams for Car
(k)
n+1 to be defined on a trapezoidal array of dots with k − 1 + i dots in the
i-th row for i = 1, . . . , n− k − 1. In particular, the columns of the gravity diagram indexed
by α1, . . . , αk form a (n − k − 1) × k rectangle R. Given Γ ∈ GG(vout), let Γ|R denote the
restriction of the gravity diagram to the dots in R. Note that every line segment of Γ|R has
its right endpoint in the k-th column.
Lemma 3.12. Let G = Car
(k)
n+1, and let U = (q, κ,Γ) ∈ U
(k,i)
G be a truncated unified diagram
for G. Let L1, . . . , Ln−k−1−i be the (possibly trivial) line segments of Γ|R, where Lj = [ℓj, k]
for 1 ≤ ℓj ≤ k and j = 1, . . . , n− k− 1− i. Let h = (n− k, . . . , n− k, 2(n− k− 1)− i). The
k-hull of U is
c(U) = h+
n−k−1−i∑
j=1
(eℓj − ek).
Proof. Recalling from Section 2.4 that the shifted out-degree vector for Car
(k)
n+1 is
t = (t1, . . . , tn) = (n− k, . . . , n− k︸ ︷︷ ︸
k−1
, n− k − 1, 1, . . . , 1︸ ︷︷ ︸
n−k−1
, 0)  m− n,
then h = (h1, . . . , hk) = (n − k, . . . , n − k, 2(n − k − 1) − i) is a composition of m − n − i
with k parts that represents the hull of a truncated level-(k, i) unified diagram having an
empty gravity diagram. Now, with the gravity diagram Γ embedded into U , then c(U) is
determined by h, together with the line segments of Γ|R. For each line segment Lj = [ℓj, k]
beginning in the ℓj-th column and ending in the k-th column, the k-hull of the truncated
unified diagram is obtained by altering h by eℓj − ek. 
Example 3.13. For the truncated unified diagram U in Figure 9, its gravity diagram Γ is
α1 α2 α3 α4 α5 α6 α7 α8 α9
with the restriction Γ|R depicted in red. We have h = (6, 6, 8), and the 3-hull of U is
c(U) = (6, 6, 8) + (0, 0, 1− 1) + (1, 0,−1) + (0, 0, 1− 1) = (7, 6, 7).
Lemma 3.14. Let G = Car
(k)
n+1, and let c(U) = (c1, . . . , ck) be the k-hull of the truncated
unified diagram U = (q, κ,Γ) ∈ U
(k,i)
G . The number of ways to complete U to a standardized
unified diagram in SU
(k,i)
G is
S(U) =
∑
d∈C(c(U))
(
m− n− i
d
)
,
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where C(c(U)) = {d  m− n− i | d1 + · · ·+ dj ≥ c1 + · · ·+ cj , for j = 1, . . . , k − 1}.
Proof. The k-hull c(U) of Γ represents a (t1, . . . , tk)-Dyck path (p, π) having the smallest
area which completes U to a standardized unified diagram. Thus a Dyck path completion
of U is a weak composition d that dominates c(U), and the claim follows since there are(
m−n−i
d
)
ways to label the north steps of d so that the labels from π are nondecreasing on
consecutive north steps. 
3.4. The k-parking numbers. In this section, we enumerate the truncated level-(k, i)
unified diagrams for G = Car
(k)
n+1 by bijecting them to another family of combinatorial objects
that we now define. After this is completed, we will show that for each truncated diagram
U ∈ U
(k,i)
G , there are ‘on average’ k
(k+1)(n−k)−3−i ways to complete it to a standardized unified
diagram.
Definition 3.15. For k ∈ N, r ∈ Z≥0, and i = 0, . . . , r, let
Tk(r, i) = (r + 1)
i−1
(
k(r + 1)
r − i
))
= (r + 1)i−1
(
k(r + 1) + r − 1− i
r − i
)
.
For fixed k, the numbers Tk(r, i) form the entries of the k-parking triangle. Tables of values
for Tk(r, i) are given in the Appendix, for k = 1, 2, 3, 4.
Remark 3.16. We note some special values of Tk(r, i).
(a) At i = 0,
Tk(r, 0) =
1
r + 1
(
k(r + 1) + r − 1
r
)
= Cat(r + 1, k(r + 1)− 1)
is a generalized Fuss-Catalan number. This is equal to volF
Car
(k)
n+1
(1, 0, . . . , 0,−1) if
we let r = n− k − 1.
(b) At i = r, Tk(r, r) = (r + 1)
r−1 is the number of parking functions of length r.
(c) At i = r − 1,
Tk(r, r − 1) = (r + 1)
r−2
(
k(r + 1)
k(r + 1)− 1
)
= k(r + 1)r−1 = kTk(r, r)
is k times the number of parking functions of length r.
Definition 3.17. For k ∈ N, r ∈ Z≥0, and i = 0, . . . , r, let Tk(r, i) be the set of classical
Dyck paths from (0, 0) to (r, r) with labeled north steps so that each of the labels from the
set {1, 2, . . . , i} appear exactly once, and the remaining r − i labels are chosen (possibly
with repeats) from the set {k − 1, . . . , 1, 0}, and the labels are nondecreasing on consecutive
north steps. These labels are ordered by k − 1 < · · · < 1 < 0 < 1 < 2 < · · · < i. We call
these the k-multi-labeled Dyck paths.
Theorem 3.18. For k ∈ N, r ∈ Z≥0, and i = 0, . . . , r,
|Tk(r, i)| = Tk(r, i).
Proof. Consider the scenario where there are r + 1 parking spaces on a circular one way
street whose single entrance/exit is just before the first parking space. There are r vehicles:
ds identical motorcycles of the same model s for s = k − 1, . . . , 0, and i distinct cars, so that
dk−1+ · · ·+d1+d0+ i = r. Each group of model s motorcycles has a multiset of ds preferred
parking spaces, and each car has a preferred parking space as well. The motorcycles arrive
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in groups and park, followed by each car, and if the vehicle’s preferred spot is already taken,
then it parks in the next available space down the circular street. Since there are r+1 spaces
and r vehicles, every vehicle will be able to park.
We record the parking preferences as
pp = {pk−1,1, . . . , pk−1,dk−1} × · · · × {p0,1, . . . , p0,d0} × (q1, . . . , qi),
where {ps,1, . . . , ps,ds} is a multiset of parking space preferences for the model s motorcycles,
and (q1, . . . , qi) is the list of parking preferences for the i cars. The cyclic group Z/(r + 1)Z
acts on the set of parking preferences by
z·pp = {pk−1,1+z, . . . , pk−1,dk−1+z}×· · ·×{p0,1+z, . . . , p0,d0+z}×(q1+z, . . . , qi+z) mod r+1,
for z ∈ Z/(r + 1)Z. If the parking preferences pp lead to the j-th vehicle parking in space
Sj , then the parking preferences z · pp leads to the j-th vehicle parking in space (Sj + z)
mod r + 1. Thus each orbit of the cyclic group action on the set of parking preferences has
size r + 1. In each orbit, there is a unique parking configuration where the (r + 1)-st space
is empty, and this corresponds to an element in Tk(r, i).
There are (r + 1)i preference lists (q1, . . . , qi) for the cars, and∑
d0+···+dk−1=r−i
((
r + 1
d0
))
· · ·
(
r + 1
dk−1
))
=
((
k(r + 1)
r − i
)
preference sets for the k models of motorcycles. Therefore,
|Tk(r, i)| = (r + 1)
i−1
(
k(r + 1)
r − i
)
.

Example 3.19. The right side of Figure 9 shows a multi-labeled Dyck path M . M encodes
the parking preferences pp = {1} × ∅ × {1, 3} × (4, 1) for one model-2 motorcycle M2, two
identical model-0 motorcycles M0, and two distinct cars C1 and C2. The resulting parked
configuration is (M2, M0, M0, C1, C2) for the vehicles.
Theorem 3.20. Let k ∈ N and n > k. The number of truncated level-(k, i) unified diagrams
for G = Car
(k)
n+1 is ∣∣∣∣U (k,i)Car(k)n+1
∣∣∣∣ = Tk(n− k − 1, i).
Proof. Let G = Car
(k)
n+1. We construct a bijection Θ : U
(k,i)
G → Tk(n− k − 1, i).
Let U = (q, κ,Γ) be a truncated level-(k, i) unified diagram. Recall that the embedded
gravity diagram Γ has n− k− 1− i dots in the k-th column, and every (possibly trivial) line
segment in Γ contains a dot from the k-th column, so we consider Γ as having n− k − 1− i
line segments.
From U , we create a k-multi-labeled Dyck path M ∈ Tk(n− k− 1, i) in the following way.
Let 1 = (1, . . . , 1)  n− k − 1. We may view (q, κ) as a labeled 1-Dyck path with starting
point (0, n − k − 1 − i), and q has i north steps labeled by the permutation κ ∈ Si. To
create M , we need to add n − k − 1 − i more north steps to q, and the n − k − 1 − i line
segments embedded between q and the shaded region in U define these uniquely; given one
such line segment L = [ℓ, k + h] that begins in the ℓ-th column for some ℓ = 1, . . . , k, and
ends in a (k + h)-th column for some h = 0, . . . , n− k− 2, create a new north step at x = h
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with the label k − ℓ so that the labels remain nondecreasing on consecutive north steps of
M , with respect to the order k − 1 < · · · < 1 < 0 < 1 < · · · < i.
We may visualize this construction of M from U as ‘sliding’ the label k − ℓ along the line
segment L = [ℓ, k+h] of the gravity diagram to its end to create a new north step with that
label.
To see thatM indeed is a k-multi-labeled Dyck path in Tk(n−k−1, i), note that by virtue
of the fact that the line segments of Γ are embedded between q and the shaded region, it is
ensured that adding north steps dicted by the right endpoints of the line segments creates
a Dyck path from (0, 0) to (n − k − 1, n − k − 1) that remains above the line y = x. The
conditions on the labels of the north steps of M are clearly satisfied by construction.
To see that Θ is a bijection, we describe the inverse construction. LetM ∈ Tk(n−k−1, i).
It has n − k − 1 − i north steps with labels in {k − 1, . . . , 1, 0}, so by removing those, we
can recover the labeled Dyck path (q, κ) with κ ∈ Si. It remains to recover the embedded
gravity diagram Γ, but this is easy as well, since each north step with label k − ℓ at x = h
gives rise to a line segment L = [ℓ, k + h].
Since Θ is a bijection, then the result follows from Theorem 3.18. 
Example 3.21. Figure 9 shows a truncated unified diagram U = (q, κ,Γ) ∈ U
(3,2)
G for
G = Car
(3)
10 , and its corresponding 3-multi-labeled Dyck path M under the bijection Θ :
U
(3,2)
G → T3(3, 2). Note that the embedded gravity diagram Γ contains three line segments;
the two which begin in the third column carry the label 0 and the one which begins in the
first column carries the label 2. These labels ‘slide’ along their line segments from left to
right to form the 3-multi-labeled Dyck path M .
3.5. Partitioning the N-th multinomial (k−1)-simplex. The main result of this section
is to finish the computation of the number of level-(k, i) standardized unified diagrams for
G = Car
(k)
n+1. We shall see in Theorem 3.26 that ‘on average’ there are k
(k+1)(n−k)−3−i ways
to complete any truncated level-(k, i) unified diagram to a standardized unified diagram, but
first we need a Lemma.
Lemma 3.22. Let N ∈ N be a positive integer, and let k ∈ Z≥2. Let C(N, k) denote the
set of weak compositions of N with k parts. Given c = (c0, . . . , ck−1) ∈ C(N, k), and letting
e0 = (1, 0, 0, . . .), e1 = (0, 1, 0, . . .) etc., define
c0 = (c0,0, . . . , c0,k−1) = c,
cj = (cj,0, . . . , cj,k−1) = c+ ek−1 − ej−1,
for j = 1, . . . , k − 1. Let
C(cj) = {d = (d0, . . . , dk−1)  N | dj + · · ·+ dj+i ≥ cj,j + · · ·+ cj,j+i, for i = 0, . . . , k − 2} ,
with the understanding that the indices of dj+i and cj,j+i are defined mod k, and C(cj) is
empty if cj has negative entries. Then
C(N, k) =
∐
0≤j≤k−1
C(cj),
is a partition of the set of weak compositions of N with k parts.
Proof. Since d0+ · · ·+ dk−1 = N , then we can rewrite the k−1 defining inequalities for each
set C(cj) in terms of d0, . . . , dk−2. That is, an inequality involving dk−1, generically of the
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form
dj + · · ·+ dk−1 + d0 + · · ·+ dℓ−1 ≥ cj,j + · · ·+ cj,k−1+ℓ = M,
where j ≤ k − 1, appears as a defining inequality only in C(cj), and it can be replaced by
dℓ + · · ·+ dj−1 ≤ cj,k+ℓ + · · ·+ cj,j−1 < N −M + 1,
where ℓ < j. The only other set in which the expression dℓ+ · · ·+ dj−1 appears in a defining
inequality is C(cℓ), and there, the inequality is
dℓ + · · ·+ dj−1 ≥ cℓ,ℓ + · · ·+ cℓ,j−1.
Note that by definition,
cℓ = (c0,0, . . . , c0,ℓ−1 − 1, c0,ℓ, . . . . . . . . . . . . , c0,k−1 + 1),
cj = (c0,0, . . . . . . . . . . . . , c0,j−1 − 1, c0,j, . . . , c0,k−1 + 1),
so if M = cj,j + · · ·+ cj,ℓ−1 = c0,j + · · ·+ (c0,k−1 + 1) + · · ·+ c0,ℓ−1, then
cℓ,ℓ + · · ·+ cℓ,j−1 = c0,ℓ + · · ·+ c0,j−1 = N −M + 1.
Therefore, the sets C(cj) are disjoint.
Since the sets C(cj) are partitioned by
(
k−1
2
)
hyperplanes, each of the form da+ · · ·+ db =
c0,a + · · ·+ c0,b for 0 ≤ a ≤ b ≤ k − 2, and each of these hyperplanes contain the point c0,
then C(N, k) =
∐
0≤j≤k−1 C(cj), and the result follows. 
Corollary 3.23. With C(cj) defined as in Lemma 3.22, let S(cj) =
∑
d∈C(cj)
(
N
d
)
. Then∑
j S(cj) = k
N .
Proof. This follows from Lemma 3.22 and the multinomial theorem,
∑
d∈C(N,k)
(
N
d
)
= kN . 
Example 3.24. The essence of Lemma 3.22 is to partition multinomial coefficients in a
specific way that will be useful in the proof of Theorem 3.26. When k = 2, this is simply a
partition of the binomial coefficients for a fixed N . For example let c0 = (c, N − c), so that
c1 = (c− 1, N − c+ 1). We have
C(c0) = {(d,N − d) | d ≥ c},
C(c1) = {(d,N − d) | N − d ≥ N − c+ 1} = {(d,N − d) | d ≤ c− 1},
and S(c0) =
∑N
d=c
(
N
d
)
, S(c1) =
∑c−1
d=0
(
N
d
)
.
Simply put, we are partitioning the N -th row of Pascal’s triangle into the set of binomial
coefficients
(
N
d
)
with d ≥ c, and the set of binomial coefficients
(
N
d
)
with d < c. Summing
over the entire row of Pascal’s triangle yields S(c0) + S(c1) =
∑N
d=0
(
N
d
)
= 2N .
Example 3.25. This example explains the title of this section. Generalizing the previous
example, for k = 3, the multinomial coefficients
(
N
d1,...,dk
)
can be arranged on the the lattice
points (d1, . . . , dk) ∈ Z
d, forming a (k − 1)-simplex in Zk.
The left side of Figure 10 depicts the multinomial triangle for N = 6 and k = 3, with
the weak composition (d1, d2, d3) listed below each entry. This partition of the triangle
corresponds to the one defined by c0 = (2, 2, 2), c1 = (1, 2, 3), and c2 = (2, 1, 3).
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1
(0,0,6)
6
(1,0,5)
6
(0,1,5)
15
(2,0,4)
30
(1,1,4)
15
(0,2,4)
20
(3,0,3)
60
(2,1,3)
60
(1,2,3)
20
(0,3,3)
15
(4,0,2)
60
(3,1,2)
90
(2,2,2)
60
(1,3,2)
15
(0,4,2)
6
(5,0,1)
30
(4,1,1)
60
(3,2,1)
60
(2,3,1)
30
(1,4,1)
6
(0,5,1)
1
(6,0,0)
6
(5,1,0)
15
(4,2,0)
20
(3,3,0)
15
(2,4,0)
6
(1,5,0)
1
(0,6,0)
α1 α2 α3
c(U0) = (2, 2, 2)
c0 = (2, 2, 2)
α1 α2 α3
c(U1) = (2, 3, 1)
c1 = (1, 2, 3)
α1 α2 α3
c(U2) = (3, 2, 1)
c2 = (2, 1, 3)
Figure 10. A partition of the multinomial triangle for N = 6 and k = 3
determined by c0, c1, c2. The sum of the entries in each third is the number
of completions to standardized unified diagrams for each truncated unified
diagram on the right. Note that c(Uj) is the backward cyclic shift of cj by j
positions.
Theorem 3.26. Let k ∈ N and n > k. The number of standardized level-(k, i) unified
diagrams for Car
(k)
n+1 is∣∣∣∣SU (k,i)Car(k)n+1
∣∣∣∣ = k(k+1)(n−k)−3−i · Tk(n− k − 1, i).
Proof. Let G = Car
(k)
n+1. When k = 1, there is only one way to complete a truncated unified
diagram U = (q, κ,Γ) ∈ U
(1,i)
G to a standardized unified diagram because there is only one
way to add m − n − i north steps to complete q in the first column. Thus it follows from
Equation (3) and Theorem 3.20 that | SU (1,i)G | = | U
(1,i)
G | = T1(n− 2, i).
So suppose k ≥ 2. We first define a Z/kZ-action on the set of out-degree line-dot diagrams
of Car
(k)
n+1 which satisfy the following:
(a) each line segment must be horizontal,
(b’) the line segments are ordered from top to bottom so that the line segments with right
endpoints in the q-th column are above the line segments with right endpoints at the
p-th column if q > p.
We point out that the last property of the out-degree gravity diagrams that specifies a certain
ordering of line segments is omitted.
Modifying Remark 2.10 slightly to apply to these line-dot diagrams instead of gravity
diagrams, we can still consider the line-dot diagrams for Car
(k)
n+1 to be defined on a trapezoidal
array of dots with k− 1 + i dots in the i-th row for i = 1, . . . , n− k − 1. Let Γ|R denote the
restriction of the line-dot diagram to the first k columns, and note that every line segment
of Γ|R has its right endpoint in the k-th column. Letting L1, . . . , Ln−k−1 be the (possibly
trivial) line segments of Γ|R where Lj = [ℓj, k], we define ρ(Γ) = (ℓ1 − 1, . . . , ℓn−k−1 − 1).
For z ∈ Z/kZ, let
z · ρ(Γ) = (ℓ˜1, . . . , ℓ˜n−k−1) = (ℓ1 − 1− z, . . . , ℓn−k−1 − 1− z) mod k,
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and let z · Γ be the line-dot diagram obtained from Γ by replacing the line segments L1, . . . ,
Ln−k−1 in Γ|R by the line segments [ℓ˜1 + 1, k], . . . , [ℓ˜n−k−1 + 1, k]. The configuration of the
line segments in Γ restricted to the columns indexed by αk+1, . . . , αn−2 remains unchanged.
We note that each orbit of the cyclic action of Z/kZ on the set of line-dot diagrams of
Car
(k)
n+1 has size k. As well, there is an action of Z/kZ on the set of truncated unified diagrams
U
(k,i)
G that is induced in the following way.
Fix a labeled level-(k, i) (tk+1, . . . , tn)-Dyck path (q, κ), and consider the set of truncated
unified diagrams Uj = (q, κ,Γj) ∈ U
(k,i)
G for j = 0, . . . , k−1, where {Γ0, . . . ,Γk−1} is an orbit
of line-dot diagrams under the Z/kZ-action. Necessarily, each Γj has at most n− k − 1− i
line segments, and the cyclic Z/kZ-action is defined in the same way as before.
In each truncated unified diagram Uj, the embedded line-dot diagram becomes a gravity
diagram as we take the convention that the line segments should occupy the lowest possible
dots in each column, so an orbit of line-dot diagrams of size k can induce an orbit of truncated
unified diagrams of size less than k.
Given a Z/kZ-orbit O of truncated unified diagrams, we will show that∑
U∈O
S(U) = km−n−i−1|O|.
We first consider the case where the orbit O = {U0, . . . , Uk−1} has size k. Let c(Uj) denote
the k-hull of Uj, and let c0 = (c1, . . . , ck) = c(U0). Let cj = c0+ek−ej be as in Lemma 3.22
(with a shift in indices). We claim that c(Uj) is the backward cyclic shift of cj by j positions.
Suppose ρ(Γ0) = (ℓ1−1, . . . , ℓn−k−1−i−1) so that ρ(Γj) = (ℓ1−1− j, . . . , ℓn−k−1−i−1− j)
mod k. Then by Lemma 3.12,
c(U0) = h+ b− (n− k − 1− i)ek,
c(Uj) = h+ β
j(b)− (n− k − 1− i)ek,
where b = (b1, . . . , bk) =
∑n−k−1−i
p=1 eℓp, and β
j denotes the backward cyclic shift of coordi-
nates by j positions. This simplifies to
c0 = (c1, . . . , ck) = c(U0)
= (n− k + b1, n− k + b2, . . . , n− k + bk−1, 2(n− k − 1)− i+ bk − (n− k − 1− i))
= (n− k + b1, n− k + b2, . . . , n− k + bk−1, n− k + bk − 1),
and similarly,
c(Uj) = (n− k + bj+1, . . . , n− k + bk, n− k + b1, . . . , n− k + bj−1, n− k + bj − 1)
= (cj+1, . . . , ck + 1, c1, . . . , cj−1, cj − 1)
= βj(c0 + ek − ej) = β
j(cj),
as claimed.
Because c(Uj) and cj are simply rearrangements of each other, then the number of ways
to complete Uj to a standardized unified diagram is
S(Uj) =
∑
d∈C(c(Uj))
(
m− n
d
)
=
∑
d∈C(cj)
(
m− n
d
)
.
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By Corollary 3.23, we conclude that when O is an orbit of size k,
k−1∑
j=0
S(Uj) = k
m−n−i.
More generally, in the case that the orbit O has size less than k, the difference is that the
Z/kZ-action generates k distinct line-dot diagrams but only |O| distinct representatives as
gravity diagrams, and so ∑
U∈O
S(U) =
|O|
k
km−n−i.
We finally see that∣∣∣SU (k,i)G ∣∣∣ =∑
O
∑
U∈O
S(U) =
∑
O
km−n−1−i|O| = km−n−1−i · Tk(n− k − 1, i),
where the last equality follows because the sum is over all truncated level-(k, i) unified
diagrams for G, and by Theorem 3.20 there are Tk(n− k − 1, i) of these. 
Example 3.27. Figure 11 shows a Z/4Z-orbit of line-dot diagrams for G = Car
(4)
9 . The
rectangular region R of a line-dot diagram is the portion restricted to the columns labeled
α1, . . . , α4. Note that the Z/4Z-action on the line-dot diagrams leaves the line segments
which are supported on the columns α4, α5, α6 unchanged.
α1 α2 α3 α4
ρ(Γ0) = (3, 2, 0)
α1 α2 α3 α4
ρ(Γ1) = (2, 1, 3)
α1 α2 α3 α4
ρ(Γ2) = (1, 0, 2)
α1 α2 α3 α4
ρ(Γ3) = (0, 3, 1)
Figure 11. The Z/4Z-orbit of line-dot diagrams for Car
(4)
9 .
The 4-hull of a level-(4, 0) truncated unified diagram with empty gravity diagram is h =
(4, 4, 4, 6). Fixing the level-(4, 0) labeled Dyck path (q, κ) and embedding Γ0 into the 8× 18
grid to obtain a truncated unified diagram U0 = (q, κ,Γ0), the composition which represents
its 4-hull is
c(U0) = (4, 4, 4, 6) + (1, 0, 0,−1) + (0, 0, 1,−1) + (0, 0, 0, 1− 1)
= (4, 4, 4, 6) + (1, 0, 1, 1) + (0, 0, 0,−3)
= (5, 4, 5, 4).
In all, the compositions representing the 4-hulls of the truncated unified diagrams in this
orbit are
c(U0) = (5, 4, 5, 4), c(U1) = (4, 5, 5, 4), c(U2) = (5, 5, 5, 3), c(U3) = (5, 5, 4, 4),
and shifting c(Uj) forwards by j positions gives
c0 = (5, 4, 5, 4), c1 = (4, 4, 5, 5), c2 = (5, 3, 5, 5), c3 = (5, 4, 4, 5).
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The number of ways to complete the truncated unified diagram Uj = (q, κ,Γj) is S(Uj) =∑
d∈C(cj)
(
18
d
)
, where by Lemma 3.22, the sets
C(c0) = {d  18 | d0 ≥ 5, d0 + d1 ≥ 9, d0 + d1 + d2 ≥ 14},
C(c1) = {d  18 | d1 ≥ 4, d1 + d2 ≥ 9, d0 < 5},
C(c2) = {d  18 | d2 ≥ 5, d0 + d1 < 9, d1 < 4},
C(c3) = {d  18 | d0 + d1 + d2 < 4, d1 + d2 < 9, d2 < 5},
partition the entire set C(18, 4) of weak compositions of m − n = 18 with k = 4 parts.
Therefore,
∑3
j=0 S(Uj) = 4
18.
Example 3.28. We have seen in Figure 4 that there are Cat(3, 5) = 7 out-degree gravity
diagrams for G = Car
(2)
6 . For each truncated unified diagram U ∈ U
(2,0)
G with a specified
out-degree gravity diagram, we compute the number S(U) of standardized level-(2, 0) unified
diagrams whose truncation is U .
S(U1) = 99 S(U2) = 64 S(U3) = 29 S(U4) = 29 S(U5) = 64 S(U6) = 64 S(U7) = 29
Under the Z/2Z-action described in Theorem 3.26, the orbits are {U1, U4}, {U3, U7}, {U5, U6},
and {U2}. For example, counting the possible labeled Dyck path completions arising from
the {U1, U4} orbit, we have
S(U1) + S(U4) =
4∑
i=0
(
7
i
)
+
2∑
i=0
(
7
i
)
=
7∑
i=0
(
7
i
)
= 27.
Summing over all orbits,∣∣∣∣SU (2,0)Car(2)6
∣∣∣∣ =∑
O
∑
U∈O
S(U) = 27 + 27 + 27 + 26 = 7 · 26.
Remark 3.29. At k = 1, equation (2), Theorem 3.20, and Theorem 3.26 recover the analo-
gous results for the classical caracol graph, proved in [4, Proposition 5.1, Theorem 5.6, and
Theorem 5.9].
At k = n− 1, Theorems 3.20 and 3.26 reduce to∣∣∣∣U (n−1,i)Car(n−1)n+1
∣∣∣∣ = Tn−1(0, i) = 1, and
∣∣∣∣SU (n−1,i)Car(n−1)n+1
∣∣∣∣ = (n− 1)n−3−i,
where i is necessarily 0. These are the same results obtained for the Pitman–Stanley graph
PSn in [4].
3.6. Volume of the k-caracol polytope. Having developed all the tools necessary, we
conclude this section with the computation that yields the volume of the flow polytope of
Car
(k)
n+1 with net flow a = (1, . . . , 1,−n).
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Theorem 3.30. For k ∈ N and n > k, let a = n− k and b = k(n− k)− 1. Then
volF
Car
(k)
n+1
(1, . . . , 1,−n) = Cat(a, b) · kb−1 · na−1.
Proof. Combining Theorems 3.4 and Equation (2),
volF
Car
(k)
n+1
(1, . . . , 1,−n) =
∣∣∣U
Car
(k)
n+1
∣∣∣ = n−k−1∑
i=0
(
m− n
i
) ∣∣∣∣SU (k,i)Car(k)n+1
∣∣∣∣ .
We have m− n = (k + 1)(n− k)− 2 = a+ b− 1. Applying Theorem 3.26, we have
volF
Car
(k)
n+1
(1, . . . , 1,−n) =
a−1∑
i=0
(
a+ b− 1
i
)(
a+ b− 1− i
b
)
ai−1ka+b−2−i
=
1
a
(a+ b− 1)!
b!(a− 1)!
· kb−1 ·
a−1∑
i=0
(a− 1)!
i!(a− 1− i)!
aika−1−i
= Cat(a, b) · kb−1 · na−1,
as claimed. 
Remark 3.31. At k = 1, this recovers the result for the classical caracol graph [4, Theorem
5.10],
volFCarn+1(1, . . . , 1,−n) = Cat(n− 2) · n
n−2.
At k = n−1, we have a = n−k = 1 and b = ka−1 = n−2, so Cat(a, b) = Cat(1, n−2) = 1,
and we recover the result for the Pitman–Stanley graph,
volFPSn(1, . . . , 1,−(n− 1)) = k
b−1 = (n− 1)n−3.
4. The k-caracol polytope at other net flows
The tools and combinatorial objects developed in the previous section can be augmented
for some cases of more general net flow vectors. We now introduce unified diagrams for flow
polytopes with net flow vector a = (a1, . . . , an,−
∑n
i=1 ai).
Definition 4.1. Let G be an acyclic directed graph with n+1 vertices and shifted out-degree
vector t. A unified diagram for the flow polytope FG(a) is a type (s, σ, α,Γ) where (s, σ) is
a labeled t-Dyck path, Γ is an out-degree gravity diagram for GG(s− t, 0), and α is a vector
in [a1]
s1 × · · · × [an]
sn. Let UG(a) denote this set of unified diagrams.
We may interpret α as a second labeling on the north steps of the t-Dyck path, where the
north steps in the j-th column can have a label chosen from {1, . . . , aj} in any order. We call
α the net flow label. Observe that if any aj in the net flow vector is 0, then the t-Dyck path
in a corresponding unified diagram cannot have any north steps in its j-th column. Indeed,
when a = (1, 0, . . . , 0,−1), the set of unified diagrams for FG(a) is effectively just the set of
out-degree gravity diagrams GG(vout) because the only t-Dyck path allowed in the unified
diagrams is Nm−nEn and it has a unique σ labeling.
Theorem 4.2. For k ∈ N and n > k, let a = n − k and b = k(n − k) − 1. Let a =
(xk, yn−k,−kx− (n− k)y) where x ∈ R>0 and y ∈ R≥0. Then
volF
Car
(k)
n+1
(a) = Cat(a, b) · kb−1xb(kx+ (n− k)y)a−1.
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Proof. Similar to Equation (2), when we partition the set of unified diagrams UG(a) accord-
ing to standardized level-(k, i) unified diagrams, there are
(
m−n
i
)
ways to choose a parking
function label set of size i for the standardization, xm−n−i ways to choose net flow labels for
the north steps of the t-Dyck path in the first k columns, and yi ways to choose net flow
labels for the remaining columns. Thus we have
(4) volF
Car
(k)
n+1
(a) =
∣∣∣UCar(k)n+1(a)
∣∣∣ = n−k−1∑
i=0
(
m− n
i
)
xm−n−iyi
∣∣∣SU (k,i)
Car
(k)
n+1
∣∣∣.
Applying Theorem 3.26 with m− n = (k + 1)(n− k)− 2 = a+ b− 1, we compute
volF
Car
(k)
n+1
(a) =
a−1∑
i=0
(
a+ b− 1
i
)
xa+b−1−iyi
(
a+ b− 1− i
b
)
ai−1ka+b−2−i
= (kx)b−1x · Cat(a, b) ·
a−1∑
i=0
(
a− 1
i
)
(kx)a−1−i(ay)i
= (kx)b−1x · Cat(a, b) · (kx+ ay)a−1,
and obtain a generalization of Theorem 3.30. 
Corollary 4.3. For k ∈ N and n > k, let a = n− k and b = k(n− k)− 1. Then
volF
Car
(k)
n+1
(1, . . . , 1︸ ︷︷ ︸
k
, 0, . . . , 0︸ ︷︷ ︸
n−k
,−k) = Cat(a, b) · ka+b−2.
Remark 4.4. When ak+1 = · · · = an = 0, then the t-Dyck paths in the unified diagrams
for F
Car
(k)
n+1
(1k, 0n−k,−k) can only have north steps in the first k columns. In other words,
volF
Car
(k)
n+1
(1, . . . , 1︸ ︷︷ ︸
k
, 0, . . . , 0︸ ︷︷ ︸
n−k
,−k) = Cat(a, b) · ka+b−2 =
∣∣∣SU (k,0)
Car
(k)
n+1
∣∣∣
is the number of standardized level-(k, 0) unified diagrams, in agreement with Theorem 3.26.
4.1. Log-concavity of the k-parking numbers. LetG = Car
(k)
n+1 and a = (x
k, yn−k,−kx−
(n − k)y) such that x ∈ R>0 and y ∈ R≥0. By a result of Baldoni and Vergne [3, Section
3.4], the flow polytope FG(a) can be expressed as the Minkowski sum
FG(a) = xFG(1, . . . , 1︸ ︷︷ ︸
k
, 0, . . . , 0︸ ︷︷ ︸
n−k
,−k) + yFG(0, . . . , 0︸ ︷︷ ︸
k
, 1, . . . , 1︸ ︷︷ ︸
n−k
,−(n− k)).
The Aleksandrov-Fenchel inequalities [1, 7, 8] state that there exists Vi ∈ R≥0 such that for
polytopes P and Q,
vol(xP + yQ) =
d∑
i=0
(
d
i
)
xd−iyiVi,
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and moreover, the Vi are log-concave so that V
2
i ≥ Vi−1Vi+1 for all i. Combining our Equa-
tion (4) with Theorem 3.26, we have
volFG(a) =
n−k−1∑
i=0
(
m− n
i
)
xm−n−iyi| SU
(k,i)
G |
=
n−k−1∑
i=0
(
m− n
i
)
(kx)m−n−iyik−1Tk(n− k − 1, i),
so the Aleksandrov-Fenchel inequalities imply that the k-parking numbers Tk(n−k−1, i) for
fixed n and k, and i = 0, . . . , n− k − 1 are log-concave. See the Appendix for some values.
5. A multigraph related to the k-caracol graph
In the previous section, we applied techniques developed in [4] to compute the volumes
of flow polytopes of graphs which are not planar. In this section, we will see that there is
a family of planar multigraphs which give rise to flow polytopes with volume formulas that
are similar to the formulas of the previous sections.
5.1. Gravity diagrams for the k-multicaracol graph. We next define the family of
k-multicaracol graphs.
Definition 5.1. Let k, a ∈ N. The directed graph G = MCar
(k)
a+2 on the vertex set
{0, 1, . . . , a + 1} is constructed by starting with the Pitman–Stanley graph PSa+1, then
adding the vertex 0, and k directed edges (0, i) for i = 1, . . . , a.
0 1 2 3 4
· · ·
5 6
7
Figure 12. The graph G = MCar
(k)
8 . A red edge of the form (0, i) in this
picture represents k distinct edges.
Remark 5.2. We shall see that there are many similarities between the flow polytopes
Car
(k)
n+1 and MCar
(k)
a+2, where a = n − k. First we note that they have the same dimension,
(k + 1)(n− k)− 2 = (k + 1)a− 2. If {fe}e∈E(Car(k)n+1)
is a flow on the graph Car
(k)
n+1, then for
each p = 1, . . . , k − 1, the flow on the edge (p, p + 1) is completely determined by the flow
conservation equation
f(p,p+1) = ap +
∑
(i,p)∈E(Car
(k)
n+1)
f(i,p) −
∑
(p, j) ∈ E(Car
(k)
n+1)
j 6= p + 1
f(p,j),
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so if we project F
Car
(k)
n+1
(a) onto the coordinates {xe}e/∈{(i,i+1)|i=1,...,k−1}, then it may be viewed
as a polytope contained in MCar
(k)
a+2(a1 + · · ·+ ak, ak+1, . . . , an,−
∑
ai).
The graph MCar
(k)
a+2 has a+ 2 vertices and m = (k+ 2)a− 1 edges. Its shifted out-degree
vector and shifted in-degree vector are
t = (t0, . . . , ta) = (ak − 1, 1, . . . , 1︸ ︷︷ ︸
a−1
, 0) and u = (u1, . . . , ua+1) = (k − 1, k, . . . , k︸ ︷︷ ︸
a−1
, a),
and their coordinates sum to m− a− 1 = (k + 1)a− 2. We also have
vout =
a−2∑
j=0
(a− 1− j)αj and vin =
a∑
j=1
(jk − 1)αj.
The in-degree gravity diagrams are defined on a triangular array of jk − 1 dots in the
j-th column for j = 1, . . . , a. Identical to the case of in-degree gravity diagrams for the k-
caracol graphs, we may choose the following conventions for the in-degree gravity diagrams
for k-multicaracol graphs:
(a) each line segment must be horizontal,
(b) a longer line segment must be in a row above that of a shorter line segment.
To be precise, the set of in-degree gravity diagrams for the k-multicaracol graph MCar
(k)
a+2
is identical to the set of in-degree gravity diagrams for the k-caracol graph Car
(k)
n+1, where
a = n− k. This observation immediately leads to the next result.
Theorem 5.3. For k, a ∈ N,
volF
MCar
(k)
a+2
(1, 0, . . . , 0,−1) = Cat(a, ka− 1).
Proof. By Corollary 2.9 and Theorem 2.17,
volF
MCar
(k)
a+2
(1, 0, . . . , 0,−1) = |G
MCar
(k)
a+2
(vin)| = |GCar(k)
k+a+1
(vin)| = Cat(a, ka− 1).

Remark 5.4. In [4], we introduced a polynomial for the volume of flow polytopes with
properties similar to those of the Ehrhart polynomial of a polytope. Let G be a directed
graph with vertex set {1, . . . , n + 1} and m edges. For any nonnegative integer x ∈ Z≥0,
the directed graph Ĝ(x) on the vertex set {0, 1, . . . , n + 1} is constructed by starting with
the directed graph G, then adding the vertex 0, and x directed edges (0, i) for i = 1, . . . , n.
Define the polynomial
EG(x) = volFĜ(x)(1, 0, . . . , 0,−1).
In the context of this paper, MCar
(k)
a+2 = P̂Sa+1(k), and it follows from [4, Proposition 8.7]
that
(5) volF
MCar
(k)
a+2
(1, 0, . . . , 0,−1) = EPSa+1(k) = Cat(a, ka− 1).
By definition, the number of out-degree diagrams is equal to the number of in-degree
gravity diagrams for any fixed flow polytope, so from the proof of Theorem 5.3, we also
know that
|G
MCar
(k)
a+2
(vout)| = |GCar(k)n+1
(vout)| = Cat(a, ka− 1),
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where a = n−k. We can prove this result directly via a bijection, which will be used in a later
result. But first, we need to describe our conventions for the out-degree gravity diagrams for
MCar
(k)
a+2. These out-degree gravity diagrams are defined on a triangular array of a− 1 − j
dots in the j-th column for j = 0, . . . , a− 2, so every non-trivial line segment begins in the
zero-th column indexed by α0, and moreoever, each line segment (including the trivial one
of length zero) which begins in the zero-th column is assigned one of k colours c1, . . . , ck. In
addition, we choose the following conventions for the out-degree gravity diagrams:
(a) each line segment must be horizontal,
(b) a longer line segment must be in a row above that of a shorter line segment,
(c) and if there are two line segments of the same length but different colours, say cp and
cq with p < q, then the line segment of colour cp lies in a row above the line segment
of colour cq.
See the diagram on the right side of Figure 13 for an example of an out-degree gravity
diagram for MCar
(3)
10 .
Proposition 5.5. For k, a ∈ N, |G
MCar
(k)
a+2
(vout)| = Cat(a, ka− 1).
Proof. We construct a bijection Ξ : G
Car
(k)
k+a+1
(vout) → GMCar(k)a+2
(vout) between the sets of
gravity diagrams. For the remainder of this proof, we let Car = Car
(k)
k+a+1 and MCar =
MCar
(k)
a+2 to simplify the notation.
Heuristically, the multigraph MCar is obtained by contracting the path of length k − 1
on the vertices 1, . . . , k in Car, to the vertex 0 in MCar. The essential observation here is
that the k edges (0, j) in MCar come from the k edges (i, j) in Car for i = 1, . . . , k, so a line
segment in an out-degree gravity diagram for MCar which is coloured ci should be thought
of as representing a positive root αi + · · · in Φ
+
Car.
With these observations, we define Ξ : GCar(vout)→ GMCar(vout) as follows. Given an out-
degree gravity diagram Γ ∈ GCar, we define Ξ(Γ) to be the diagram obtained by ‘projecting’
the first k columns of Γ to the zero-th column of Ξ(Γ), where each line segment in Γ that
begins in the i-th column is assigned the colour ci in Ξ(Γ).
The map Ξ is well-defined because the array of dots in columns j = k, . . . , n − 2 in an
out-degree gravity diagram for MCar is the same as the array of dots in an out-degree gravity
diagram for Car. Moreover, every nontrivial line segment in Γ contains a dot from the k-th
column. The conventions for the the respective out-degree gravity diagrams were chosen so
that the horizontal line segments will appear in the same order.
To reverse the map Ξ, simply take an out-degree gravity diagram for MCar and for each
line segment coloured ci, extend it to a line segment which begins in the i-th column in the
out-degree gravity diagram for Car. So Ξ is a bijection.
Together with Proposition 2.24, the result follows. 
We have seen that at net flow (1, 0, . . . , 0,−1), the flow polytopes of the graphs MCar
(k)
a+2
and Car
(k)
n+1 have the same volume. Next, we will see that the volumes of the flow polytopes
of this pair of graphs are closely related at other net flows as well.
5.2. Unified diagrams for the k-multicaracol graph.
Theorem 5.6. For k, a ∈ N,
volF
MCar
(k)
a+2
(kx, y, . . . , y,−(kx+ ay)) = Cat(a, ka− 1) · (kx)ka−1(kx+ ay)a−1.
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α1 α2 α3 α4 α5 α6 α7 α8 α9
−→
Ξ
α0 α1 α2 α3 α4 α5 α6
Figure 13. The bijection between out-degree gravity diagrams for Car
(3)
12 and
MCar
(3)
10 . The colours of the gravity line segments for MCar
(3)
10 are red, blue,
and green, in that order.
Proof. Let a = (kx, y, . . . , y,−(kx+ ay)). We have
volF
MCar
(k)
a+2
(a) =
∣∣∣U
MCar
(k)
a+2
(a)
∣∣∣ = a−1∑
i=0
(
(k + 1)a− 2
i
)
(kx)(k+1)a−2−iyi
∣∣∣U (0,i)
MCar
(k)
a+2
∣∣∣.
Letting n = a + k, we can extend the bijection Ξ in Proposition 5.5 to the set of truncated
unified diagrams
Ξ̂ : U
(0,i)
MCar
(k)
a+2
→ U
(k,i)
Car
(k)
n+1
: Ξ(q, κ,Γ) 7→ (q, κ,Ξ(Γ)),
so | U
(0,i)
MCar
(k)
a+2
| = | U
(k,i)
Car
(k)
n+1
|. Applying Theorem 3.20 and computing in the same way as in
Theorem 4.2,
volF
MCar
(k)
a+2
(a) =
a−1∑
i=0
(
(k + 1)a− 2
i
)
(kx)(k+1)a−2−iyi
(
(k + 1)a− 2− i
ka− 1
)
ai−1
= Cat(a, b) · (kx)ka−1(kx+ ay)a−1.

Corollary 5.7. We have the following specializations:
(a) volF
MCar
(k)
a+2
(k, 1, . . . , 1,−k − a) = Cat(a, ka− 1) · kka−1(k + a)a−1.
(b) volF
MCar
(k)
a+2
(k, 0, . . . , 0,−k) = Cat(a, ka− 1) · k(k+1)a−2.
Remark 5.8. Let a = n− k so that b = ka− 1, and comparing the results of Theorem 5.6
and Theorem 4.2, we see that
volF
MCar
(k)
n−k+2
(kx, yn−k,−kx− (n− k)y) = k · volF
Car
(k)
n+1
(xk, yn−k,−kx− (n− k)y).
This implies that one can obtain a different proof of Theorem 4.2 (and its specialization
Theorem 3.30) if one can construct a k to 1 map from the set of unified diagrams for
F
MCar
(k)
n−k+2
(kx, yn−k,−kx−(n−k)y) to the set of unified diagrams for F
Car
(k)
n+1
(xk, yn−k,−kx−
(n− k)y). It may be interesting to understand this map from a geometric viewpoint.
Appendix A. Some k-parking triangles
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